CARIBBEAN STEM OLYMPIADS

January 2024

Math Olympiad - Sample Problems and Solutions
All Levels

Note

Keep in mind that there may be many ways to solve a mathematics problem.
The solutions presented here are just examples which will lead to the correct
solution. Try to think of other ways to approach these problems!

Level 1

Consumer Arithmetic

1. Julia purchased a new car at $18,000. If the sale price is 25% less than
the original price, what was the car’s original price?

Solution:
Sale price = (1 — 0.25)- original price = $18,000.

0.75p, = 18000 — p, = 18000 - ﬁ = 24000.

2. The simple interest earned on a certain sum of money in 5 years at 9%
per annum is 4016.25. Calculate the sum of money.

Solution:
I=P-r-t
4016.25 = P -0.09 -5
4016.2
P = 016 5:$8925.

5-0.09
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3. John purchases a table on a hire purchase plan with a down payment
of $300 and 12 monthly payments of $24 each month. The regular cash
price of the same table is $500. How much would John have saved if he
purchased the table using cash?

(a) $212
(b) $56
(c) $88
(d) $288

Solution:

Savings = Cost of table on hire purchase - Cost of table in cash
Savings = $(300 + 12(24)) — $500 = $588 — $500 = $88.

Number Concepts

1. Water exists in the liquid state between 0°C' and 100°C. Given that
the formula to convert degrees Celsius (C) to degrees Fahrenheit (F) is
F=(Cx %) +32, how many integer temperature values between 0°C' and
100°C' (excluding 0°C" and 100°C') can be converted to whole numbers
in degrees Fahrenheit? Show /explain your reasoning for partial credit.

Solution:

Since F' = (C' x %), the values of F' are only whole when C x % is also
whole. This happens when C' is a multiple of 5. Therefore, this question
simply boils down to finding the number of multiples of 5 between 0 and

100 exclusive. This number is 19.

2. A positive number n is 30% of five thirds of its cube. What is the value
of n?



Solution:

35 4
n=-—n
103
5
n=—n?
10
n? =2

5 3pe -1
3. Simplify the expression (ach—lbﬁ> , expressing your answer in the

4
form W where A, B and C' are positive numbers.

Solution:

Fractions and Decimals

1. Reduce the following fraction to its lowest terms: I +32 )

Ll

Solution:
3 3 3 39
4+ 13% 4+ % 4420 2220



2. Compute the following expression, giving your answer as a proper frac-

tion. .
— 40125 — 1671
4
(a) —152
5
(b) 5
7
(C) 16
1
(d) 15
Solution:
1 1 1 442-1 5
4 8 16 16 16
3. Evaluate ,
5175
12 9
7 X1
Solution:
2L BB 1 g7008 17x7 119
Fxqooo2O B 30108 30x27 810

Statistics and Probability

1. Leroy plays in a series of basketball matches. He scored 19 points on
Monday, 23 points on Tuesday, 13 points on Wednesday, and 5 points
on Thursday. On Friday, Leroy scored 3 points more than the mean
(average) number of points he scored on the first four days. How many
points did Leroy score in all?

Solution:

Total number of points on the first four days = 19 + 23 + 13 + 5 = 60
Average number of points on first four days, x4 = % =15

Total number of points = 60 + x4 +3 =60+ 1543 = 78.



2. A fair coin is flipped twice. What is the probability of getting at least
one head?
Solution:

P(at least one head) = 1 — P(two tails in two tosses)
= 1 — P(first toss tail) - P(second toss tail)

1= )

1
SR
4 4
Algebra
1. Evaluate the expression (@) when a = —3 and b = —4.
Solution:

2. Solve the following simultaneous equations for x and y.

20 +y =12
6x + by = 40

Solution:

3x (22 +y=12)

— (62 + by = 40)
62 + 3y = 36)
— (62 + by = 40)

This gives —2y = —4 — y = 2.
Substituting this, we get 20 +2 =12 — 2x =10 — x = 5.



3. How many real solutions does 32> — 2z + % = 0 have?

(a) 0
(b) cannot be determined

(c) 1

(d) 2
Solution:
First order of business is to calculate the discriminant, b*> — 4ac.
1
b? — 4ac = (—2)* — 4(3)(3) —4-4=0.

Luckily for us, this discriminant equals 0, telling us this quadratic equa-
tion has exactly one real solution.

4. A car travels from Town A to Town B moving at a constant speed. The
car starts at Town A and covers a distance of 1500 metres in 1 min 40 s.
The car stops for 15 s and then resumes its journey. If the total journey
took 3 min 30 s, what is the distance between the two towns?

Solution:
_ 1500m _ 1500m _ 1rm
Speed of car = g5 = g, = 155

Total moving time of journey = 3 min 30s — 15s = 3 min 15s = 195s
Total distance between the two towns = 15% - 195s = 15 - (200 — 5) =
3000 — 75 = 2925m

Geometry

1. In the diagram below,
A
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(a) what is the length of the line AC?
(b) what is the product of the lengths DE and AC?

Solution:

(a) By Pythagoras’ theorem, AC? = AB* + BC?* = 122 + (12 + 4)? =
144 + 256 = 400. AC = /400 = 20.

(b) ZACB = ZDCE and ZABC = ZCED = 90°, which gives that
ZCDE = ZBAC. Therefore the triangles ABC and CDFE are sim-
ilar, with side DFE corresponding to AB and DC' corresponding to
AC. Therefore, DE = AB X g—g = 12 x % = 12;“04. This gives
DE x AC = 4 x 20 = 144.

. The length of the diagonal of a square is 1 metre. Compute the area of
this square.

Solution:

Let the length of a side of the square be s. A diagonal drawn forms
a right-angled isosceles triangle with two sides s. By Pythagoras’ the-
orem, the length of the diagonal (hypotenuse) = v/s2 + s2 = 1/2s. If
the length of the diagonal is 1, then v/2s =1 — s = \/% The area of

2
a square with sides s is s?, therefore the area of the square is <—) = z.

. You are given the circle below. The angle 3 is bisected by a line OB
(not shown). If the diameter of the circle is D, what is the length of the
arc AB?




Solution:

According to the Central Angle Theorem, the central angle subtended
by two points on the circumference of a circle is twice the inscribed angle
subtended by those same points. This means for our circle as drawn, the
angle [ equals 9700 = 45°.

B

A

O

We also use the fact that inscribed angles in a semicircle are 90°. There-
fore, ZABC = 90°. Since 8 = 45°, then ZABD = 90 — 45 = 45°.

With the bisector OB drawn, we know that ZOBA = 45+ 22.5 = 67.5°.
As both OB and OA are both radii of equal length, let’s say, r, the
ANAOB is isosceles with equal angles Z/OAB = ZOBA = 67.5°.

This gives the ZAOB = 180 — 2(67.5) = 180 — 135 = 45°.

Now that we have this information, we can find the length of the arc

AB. - 5
Arclength:w-D._:L
360 8



Level 11
Algebra

1. We are given that 2* — y* = 13 and 2 + y*> = 4. What is the value of
(z +y)*?

Solution:

By the difference of two squares, (a> — b?) = (a + b)(a — b). Therefore,
ot —yt = (x 2)2 + (11)? = (2% + y*) (2% — y?). From this, we get that
(22— y?) = LU = L2 We now have

224y?
vyt =4 (1)
13
2 2

== 2
Ty = (2)
Adding (1) and (2), we get that 2z° = 2. (1) - (2), we get that

2% = 3 . Thus, 42%y? = 249**43 = 2:13y i@/

V8T

($+y)2=$2+2xy+y2:(:132+y2)+2xy:4iT.

2. For what positive real values of k will the equation kz?> — (k+1)x—1=10
have exactly one real solution?

Solution:
First order of business is to calculate the discriminant, b*> — 4ac.

b —dac=(—(k+1))? —4k)(-1) = (k+1)*+4=0— (k+1)* = —4.

This has no real-valued solutions.

3. Which of the following values of x satisfies the inequality z?+8z+15 < 07?
(a) 2 =—4



(b) x = =2
(¢c) x=-5
(d) z = -3
Solution:

2°+8r+15=0
(x+3)(x+5)=0
r+3=0, x4+5=0
rT=-3, x=-95
In order to satisfy the inequality, values must either be z < —3, x # —5

and x < —5. The only provided value which satisfies these conditions is
r = —4.

4. Find the two values of x for which z1T°810% = 104 . 2.

Solution:
pitlogr — 1ot .,
T8t =10% -z
Llose _ 104
Let x = 107.
(101510 — 10
(10¥)Y = 107
10V = 10
Yy’ =4
y=+42—z=10%10"
Geometry

1. Find the equation of the sphere whose diameter has endpoints (—2,3, 1)
and (0,5, —1).
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Solution:
—240 3+5

1-1

Centre of the sphere = Midpoint of the diameter, M = < T

Length of diameter, Ip = 1/(—2)2 4+ (3 — 5)2 + (1 — (=1)2 = V12 = 2V/3.
Length of radius, I, = V3.

This gives the equation (z + 1)2 + (y —4)2 + 22 = (V3)? = (z + 1)® +
(y —4)* + 22 = 3.

. A solid wooden cube is painted red on the outside. The cube is then cut
into 27 smaller identical cubes. What fraction of all of the smaller cubes’
sides are painted red?

—~ N/~

o T o
N— N— N— N—
I= Wl Y S

D

Solution:

A cube has 6 faces. In order to cut one larger cube into 27 identical ones,

one would need to make 4 cuts (2 top-down and 2 left-right), resulting

in the formation of 9 faces for each face of the original cube. This gives

9 -6 = 54 painted smaller cube faces. As there are 27 cubes, and a

cube has 6 faces, there are a total of 162 faces. The fraction of the total
54 _ 1

number of sides painted red is 155 = 3.

. Rapid Plot! Sketch the following in 1 minute (note that a is a positive

integer):
y=ar’, y=|z|,y=e* and y = log(%).

-11
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Solution:

1. y = ax?

(0,0
2.y = |z

AY

10,0
3.y=e "

(U

4.y = log(%)

- ~ X -
(a,0)
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Trigonometry

1. If cos A = %, find sin 2A.
Solution:
sin2A = sin(A + A) = 2sin A cos A.

Also, recall that sin? A 4+ cos? A = 1. Therefore, if cos A =

sinA=,/1—(2)2=./32 =% Then, sin24 =2(3)(3) = %.

2. If tan(z + y) = /3 and tan(z — y) = \/%, where (z +y) € (0°,90°) and
x >y, find x and y.

ol

, then

Solution:

tan(z +y) = V3
tan(z + y) = tan 60°
r +y = 60
tan(z — y) = =
an(r —y) = —
RERRVE

tan(zx — y) = tan 30°
r—1y =30

Solving the simultaneous equations, we gather that t +y+z—y = 90 —
20 = 90 — x = 45. This gives y = 45 — 30 = 15.

3. Given that sect = %, find the value of sin 26.

‘1\3 3|
\,ﬂ
iy
o
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Solution:

Since secf = ﬁ, cosf = % It follows from the definition of cosine that
a right-angled triangle with the angle 6 as described has a hypotenuse
of 7 units and adjacent side length of 3 units. By Pythagoras’ theorem,
the length of the opposite side = can be found: 2> =7 —-32 =40 — =z =

v/40 = 24/10 units.
We deduce from this that sinf = 2V/10,

7
sin20 = 2sinf cos = 2(@)(

§)_12\/ﬁ
)49

Vectors

1. Consider a row vector P, consisting of 6 elements, and a column vector
@, also consisting of 6 elements. In which order can vector multiplication
be performed?

(a) PQ only
(b) QP only
(c) Both ways
(d) Neither
Solution:

Both ways. P is a 1 x 6 vector, and () is a 6 X 1 vector. P() yields a
scalar, while Q)P yields a square matrix.

2. If a = 2i+ k and b = —3j + 2k (where ¢ is the unit vector along the
x axis, 7 is the unit vector along the y axis, and k is the unit vector

along the z axis), find the unit vector u that is opposite in direction to
v=2a—b.
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Solution:

a=2i+k
b= —-37 + 2k
v=2a—>

2 = 2(2i + k) = 4i + 2k
2a — b =4i+ 2k — (—3j + 2k) = 4i + 35
v=4i+3], o] = VA2 +2+02=5

By the definition of the unit vector,

3. A spherical underwater robot has 2 propellers: one to dive and one to
move forward. The dive propeller applies a net force (beyond buoyancy)
that is twice as strong as the forward propeller. Complete the diagram
to show the direction of the robot’s movement.

Dive propeller

Forward propeller

_______
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Solution:

Forward propeller

12pjadoud aa1g

]

Resultant vector magnitude: /12 4+ 22 = /5.
Resultant vector angle below horizontal axis: a = tan™1(2)

Exponentials and Logarithms

1. The decibel (dB) is a unit of measurement for the loudness of sounds. A
10—fold increase in loudness corresponds to an increase of 10dB (100—fold
is +20dB, 1000—fold is +30dB, and so on).

(a) Write the relation between the fold-loudness of a sound and its deci-
bel value. You may use Sy and S; to represent the sound intensities.

(b) You're sitting at a music mixing board and are told to make the
speaker output twice as loud. How many decibels should you increase
the output level of the speaker by?

Solution:

(a) It’s necessary to recognize that the scale is logarithmic. From there,
we can write an equation to determine the desired relationship. Let
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g—; = 100 and given the corresponding decibel increase of +20:

C=2C
C =10

Therefore, the relation is 10 log g—é dB.
(b) Increase decibel output by 10log;, 2.

10log;y 22 = 10(log,o = + log,y 2) = 10log,, = + 101og;, 2.

2. If zy™ = yx3, then solve for m.

Solution:
ry™ = ya’
ym—l — 332
(m—1)logy =2logz
1= 210g:€
log y
1
m =14 287
log y

Recognizing this as change of base, we get
m=1+42log,y

3. Suppose that the population of a colony of bacteria increases exponen-
tially. If the population at the start is 300 and 4 hours later it is 1800,
how long will it take for the population to reach 30007

(a) 10124

(b) 4l

(c) 4,26
)

In10
(d) 641

In4
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Solution:
Let the population of the colony be P(t).

P(t) = 300"

1
1800 = 30064 s 6 = M — f — B0

A
. 41n10
3000 = 3005 — ¢ = —2
In6

4. Find the positive integer solution of logszrlog,rlogsgr = logsxlog,x +
log,xloggx + logsrlogs.

Solution:
Divide both sides through by logsxlog,zlogsx. This yields
1 1 1

1= -
logex  logsx  logyx

By change of base, we then get
1 1 1

log x + log x + log x
log 6 log 3 log 4

log6 log3 log4
_g+g+g

1=

“logzx logz  logx
log © = log 6 + log 3 + log 4
= log (6 x3x4) =log 72

Therefore, x = 72.

Calculus

1. A girl sits on a cliff 20 meters above the ground. She throws a tennis ball
vertically upwards from the cliff. After ¢ seconds it has height s above
the ground which follows:

s? =20+ 50t — t?

What is the maximum height of the ball?
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Solution:

To find the maximum height of the ball, we first need to find the value
of ¢ for which the value of s is maximized. We do this by differentiating
the equation given, equating it to 0, and solving for ¢.

ds
— =50—-2t=0
dt

2t = 50 = 25

s(t = 25) = 20 + 50(25) — (25)*
Smaz = 20 + (25)(25)
— 645

2. Find the function, y(z), that satisfies the differential equation:

dy\? 11— y?
(@) T 1—2a2
Solution:
dyn2 11—
(%) T 1—a2
dy — [1—y
T V1—22

dr
1 1
\/——=dy =4/ d
1—y2y 1—:62:6
1 1
/\/1—y2dy_/\/1—x2dx

arcsiny + C7 = arcsinz + Cs

arcsiny = arcsinz + C

y = sin(arcsinx 4 C)
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3. Find the second derivative of sin(x?

(a) 4z?sin(z? — 4) — 2 cos(z? — 4)
(b) —42%sin(2? — 4) + 2 cos(x? — 4)
(c) 222 sin(a? — 4) + 2 cos(x? — 4)
(d) 22%sin(z* — 4) + 4 cos(z* — 4)
Solution:
With chain rule, first derivative: - (sin(z?—4)) = - (2% —4) cos(z?—4) =
22 cos(x? — 4).
With product and chain rules, second derivative: -L(2z)cos(z® — 4) +
204 (cos(z? — 4))
= 2cos(2? —4) +2x(2x)(—sin(2? —4)) = —4a?sin(x® — 4) +2 cos(x> — 4).

— 4) with respect to .
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Level 111

Series and Sequences

1. What is the sum of the infinite series

ToTL T,

1R TE
Solution:
The general form of an infinite geometric series is a1 + a7 +a;r? + a7 +

7 7
_ e _ wm _ 1
r 7 7 =—=
1 12
Since |r| < 1, the sum of this series is S = {%-.
7 7
g4 _a1_T
- e '
I-(-1) 1 5

2. The sequence z,, = %, n ezt is:
(a) Bounded and Convergent
(b) Bounded and Divergent

(¢) Unbounded and Convergent
(d) Unbounded and Divergent

Solution:

e A sequence is bounded if there exists two numbers such that all the
terms of the sequence lie within the range produced by these two
numbers. In other words, the sequence must be bounded above and
below.

The largest value in this sequence is 1, and there is no value in this
sequence that is less than 0. Therefore, any number greater than 1
serves as an upper bound for this sequence. Any number less than
0 serves as a lower bound for this sequence. Since this is bounded
above and below, the sequence is bounded.

-21



e A sequence is convergent if the value of the terms of the sequence
tend to a particular value.

As n — oo, % — 0. Therefore, this sequence is convergent.

Euclidean Geometry

1. Consider a circle with three distinct points labelled A, B and C' on its
circumference. What is the minimum number of straight lines/line seg-
ments which must be drawn to locate the centre of this circle?

(a) 6 lines

(b) 2 lines

(c) 3 lines

(d) 4 lines

Solution:

The correct answer is 4 lines. You can find the center by following this

procedure:
e Start by drawing two chords on the circle (shown as solid lines here).
e Then draw perpendicular bisectors of each of the original chords.

e Where the two bisectors intersect is the center of the circle.

2. Let A be a point in R?® with Cartesian coordinates (zg,yo,20). A can
be expressed in spherical coordinates as (py, 6y, ¢p). The following equa-
tions can be used to convert from spherical coordinates to Cartesian
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coordinates:

x = psin ¢ cosf
y = psin ¢ sin for p > 0,0 € [0,27) and ¢ € [0, 7).

Z = pcos
Find ¢o(z0, yo, 20).

Solution:
x2 4+ Y5 = pisin® ¢y cos® Oy + pi sin® ¢y sin® 4
= pZsin® ¢p(cos® Oy + sin? b))

= pysin” ¢y
\/x%—i-y% = pp sin ¢y

20 = o COS P
Combining, we get

Vg +ys _ posingy

20 o COS Py
= tan ¢Q

/o2 2
X
tangbo = —O+y0

<0

)
Ty +
¢y = arctan (0—%).

<0
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Calculus

1. Evaluate fog ﬁoTsiged@.
Solution:
Let u =1+ sinf — du = cosfdf. When 0 = J,u =1+ sing = 2 and
0=0,u=1+sin0=1.

z 2
/ COS.(Q g0 — du
o 1l4sind LU

2
= In |u

1
=In2—-1Inl

= |n 2.

2. Integrate [ x coszdz.
(a) xcosz —sinx
(b) xsinz — cosx

(¢) zsinx + cosx

(d) zcosx +sinx

Solution:
By the product rule of integration,

/xcosa:dx :x/cosa:dx—/ [di(x)/cosxdx] dx
T

=zsinx + C] — /sinxdw

=xsinx + Cy + cosx + Cy

—zsinx +cosx + C
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3. Simplify [ sin®(¢) cos®(t)dt.
Solution:

/sing(t) cos?(t)dt = /sin2(t) cos?(t) sin(t)dt
Recall that 1 — cos?(t) = sin?(t). Substituting this, we get
/sin?’(t) cos*(t)dt = /(1 — cos’(t)) cos®(t) sin(t)dt
Let u = cost. Then, du = —sintdt — sintdt = —du.

/sin3(t) cos?(t)dt = — /(1 — uHuldu

w o u’
e
55
cos?(t)  cos(t)
= — C
3 5) +
Vectors and Matrices
1 47 5
1. Find the determinant of the matrix 0 3 1 -6 .
1 -1 7 0
0O 0 0 2
Solution:
3_34;_56 3 1 -6/ 01 -6 [0 3 —6 [0 3
1_170:1—170—|—4170—l—71—10—51—1
00 0 9 0O 0 2 00 2 0O 0 2 0 0
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1 -4 7 5
0 3 1 —6 70 -1 0 -1 7
1 =17 0 1<3‘0 2‘ 1'0 2‘_6‘0 0|>
00 0 2

70 10 17
+4(0 0 2‘_1‘0 2‘_6|0 0')
-1 0 10 1 —1
+7<0 0 2_302_60 0 >
-1 7 17 1 —1
_5<0 0 0_300_10 0 >
= (3(14) — 1(=2) +0) +4(0 — 1(2) + 0) + 7(0 — 3(2) + 0) = 5(0 + 0

2. The eigenvalues, A, of an n x n matrix, A, can be found by solving the
equation det(A — AI) = 0 where [ is the n x n identity matrix. Find the

eigenvalues of A = (_21 :13)

Solution:
2— A 1
A—)\]_<_1 3_A>
det(A—X)=2-X)B-A)—-1(-1)=0
6—bA+14+X =02 X -5A+7=0

Solving this quadratic equation, we get that

 —bEVPE—dac 5+ /B2 —4A(7T) 5+v/=3 5+iV3
= - > - = _

2a 2 2

A
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Complex Numbers

1. The complex number, z, can be represented by a vector in the complex
plane. What is the effect on the vector representing z in the complex
plane, of multiplying z by re, r € (0,00),0 € [, 7)?

Solution:

Multiplying z by re? will make the vector  times as long and rotate it
an angle of # counterclockwise around the origin.

Consider a complex number in polar form: z = r1e?*. This means that
the complex number when represented on the complex plane is a line
with magnitude (length r) positioned at an angle of 6 above the positive
real axis as shown.

imaginary
\

X+ yi

- J, »real

With this knowledge, we can see that if we multiple the complex number
2 by re??, we get

0

rie' 0

0+6.)

topel? = el

which represents a new complex number of magnitude rr; and argument
0 + 01 above the positive real axis, as our answer describes.

2. Find the purely real solution to 42% + (8 4+ 4i)z + (3 + 2i) = 0.

Solution:
This equation can be solved directly using the quadratic formula of
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course, but this is a rather tedious approach. You can more quickly
solve this by recognizing that only the real solution of the equation is
desired. Therefore, let z = a, where a € R. The equation becomes:

4a* + (84 4i)a + (3 +2i) =0

4a® +8a+3+i(da+2) =0

For this equation to be satisfied, both the real and imaginary part of the

complex number must equal 0. For this to be the case, 4a + 2 = 0 and

4a® +8a+3 = 0. The only value that satisfies both equations is z = —%.

Differential Equations

1. Find the general solution for the differential equation % =z + 2y

Solution:
We proceed by separation of valuables.
dy 2
Ir T+ xy
dy = z(1 + y*)dx
1
5, dy = xdx

1
/1+y2dy:/xdx

72
arctany = > +C

2
yzt&m(%%—C)

2. Solve the differential equation ZQT? + 5% + 62 = 0, where 2(0) = 0 and
(0) = 5.
(a) 5e~t — Hebt

(b) He~! + 5eb
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(c) 5e 2 + He 3
(d) 5e* — 5e~3

Solution:
Let 2,(t) be of the form x,(t) = Ae* where both A and ) can be complex.
Then,

NA+B5AN+6A=0

Solving for A\, we get

MNA+5AN+6A=0
(A +2) (X +3)A=0
A = =2\ = —3.

Hence, z(t) = Ale % + 73] = Cre % + Che 3.
When z(0) =0,0=C, +Cy =0 — Cy = —Cs.

We also know that 2£(0) = 5, therefore

—2C1e 20 — 30,30 = 5

—2C7 —3Cy =5

—2C,+3C, =5

Ci=5
Cy=—-C1=-5

Therefore, solution is 5e~? — 5e~3¢,
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